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The thermal transitions shown by macromolecules are to be understood as an allosteric phenomenon. They can be dealt 
with in terms of the same linkage principles as those governing the binding of a chemical ligand. This provides a basis for 
analyzing *he observed differences between the reversrble heat denaturation of proteins and the melting of nucleic acids. It 
also adds to our understanding of cooperativity and heterotropic linkage. 

I_ Introduction 

In any interpretation of thermal transitions of ma- 
cromolecules, whether they be those involved in the 
reversible denaturation of a protein [l] or the melting 
of a nucleic acid [2J , there are two things to bear in 
mind_ The first is the complete formal equivalence of 
the physical and chemical variables as they occur in the 
group of linkage potentials which govern the system 
and of which the most widely useful one is the binding 
potential II [3,43. Thus Sand 7, the entropy and vol- 
ume per unit of macromolecule, correspond exactly to 
z, the amount of a hgand X, also per unit of macro- 
molecule. Similarly each of the intensive variables, T or 
p, corresponds exactly to a chemical potential, ulx. As 
a result of this a curve of entropy (or as we shall pre- 
sently see, enthalpy) as a function of T corresponds 
exactly to a binding curve of x as a function of flX [5] _ 
Indeed if we like we may think of entropy (or volume) 
as a &and of chemical potential T (or p)_ 

The second thing to bear in mind is the fact that we 
are dealing with an allosteric system [6] in which the 
reference compment, the macromolecule, exists in 
several different states, or confo-mations, vdrich are at 

all times in equilibrium with one another, the equilib- 
rium being under the control of the various ligands, in 
the above extended sense of the term. The result of this 
is that the binding potential ll may be expressed in a 
particularly simple form, which, although not truly exact, 
should nevertheless be valid to a high degree of approxi- 
mation. This may be developed as follows. 

2. The generalized binding potential for an allosteric 
system 

Suppose that the macromolecule exists in r different 
conformations and let S2 represent any one of the exten- 
sive quantities (S, V, or ligand X) associated with the 
system. The total amount of XZ “bound” per unjt of 
macromolecule is given by 

~ = (vvlEz, + v2E2 + . . . VJZJ 

VI +v2+...+vr -) (1) 

where XZi is the amount of Q “bound” per unit of ma- 
cromolecule in conformation i and Yi is the fraction of 
the macromolecule present in that conformation. The 
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ratio vi/v1 is, subject to multiplication by a ratio of ac- 
tivity coefficients which may be expected to be close 
to unity, the same as the equilibrium constant Li for 
the transition of the macromolecule from conforma- 
tion 1 to conformation i. Consequently Li, expressed 
in terms of the binding potentials of the two conforma- 
tions involved, may be written as 

Lj =LiO exp[(I$ - II,)/RT] 

= vio exp[(IIi - II,)/RT], 
“IO 

where subscript 0 refers to a standard state defined in 
terms of the various intensive variables T, p, or y, which 
we denote collectively by w [6]. In accordance with 
properties of the binding potential it is always true that 

n = an/au 

and at the same time for each conformation: 

EZi = ayaw, (3) 

It follows directly that for the allosteric system: 

X PI0 exp(nl/RT) + - - - + vro exp(~JJWl-‘,(4) 

from which we obtain 

II =RTln[u10 exp(Ill/RT) -+ _ _ .+ vro exp(IIJRT)] _ 

(5) 

This equation has been frequently employed in the past 
[6] in dealing with ligand binding at constant tempera- 
ture and pressure_ 

But it wiII be seen and should be emphasized that it 
applies equally to all the “ligands” and that KZ may be 
identified indifferently with entropy, volume, or any 
one of the chemical ligands. At the same time, how- 
ever, and in contrast to this, it should also be empha- 
sized that the form of the binding potential II will be 
different for the different Yigands”. In the case of a 
chemical &and X, ni can be expressed, with a high 
degree of approximation, in terms of a polynomial, 
known as the binding polynomial [3], in the activity 
x of the ligand: 

l-Ii =RTln(l + i&x -I- f&x2+ _. _ + Z&x’) 

=RThPi, 

where any Kij is the overall equilibrium constant for 
the combination of the macromolecule in conforma- 
tion i with i molecules of ligand and t is the total number 
of binding sites in the macromolecule *. Since the loga- 
rithm and exponential are inverse functions the result 
is that the binding potential for the whole system can 
be expressed in the same way: 

11 =RT In (vloP, + v20P2 + _ _ _ + vroP,) 

=RTlnP. (6) 

In the case of entropy and volume no such simplifying 
logarithmic expression for Il in terms of T or p exists 
and the situation is much more complicated_ 

3. Relations applicable to thermal transitions 

In the study of thermal transitions what is usually 
measured is cp, the heat capacity per unit (gram or mole: 
at constant pressure, as a function of temperature. Since 
FP = TS/aT it is clear that in this case entropy is play- 
ing the role of “ligand”. In order to obtain an expres- 
sion for this we go back to eq_ (l), which, assuming for 
the moment that there are only two conformations, we 
write as 

(7) 

As pointed out above, the dimensionless ratio L = v2/vl 
is the equilibrium constant for the transition of I’Lhe ma- 
cromolecule from conformation 1 to conformation 2. 
As such it is subject to the van ‘t Hoff relation 

* It is assumed here #at the activities (chemical potentials) of 
all the other ligands are held constant. In this case n is equal 
to minus the chemical potential of the macromolecule. If the 
amounts of certain of the other ligands are substituted for 
their chemical potentials, n is replaced by a different function 
$I which is another member of the group of linkage potentials 
applicable to the wstem [41_ Althou& the new function IJJ is 
not equal to minus the chemical potential of the macromol- 
ecule, it is still true that ag/ap, = F_ 
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a hL/aT = M-,RT2, (8) 

where M- is the heat of the reaction $. Differentiation 

of eq. (7) with respect to T, which we denote by a dot, 
gives 

From this, by introducing the relations 

s’= cp/T, i/L = a-/RT’, 4H = TAS, 

we obtain at once 

(9) 

cp=iqpl+ L (4P)” L *c 
------+- 

(1 i-L)” RT' l+L P’ 
GO) 

In order to implement eq. (10) to determine cp as 
a function of temperature, it is of course necessary to 
know both Gand L as functions of temperature. If 
we neglect higher order effects involving changes of 
4Cp with temperature we can write 

M- = H-O + 4rp(T - TO), (11) 
where TO is a reference temprature at which m = m,-, 
From this, on the basis of eq. (8) it follows that 

lt-&= 
(m,, - T04cp)(T- TO) 4c 

L0 RnO 

i---Pln$ (12) 
R 

When these are more than two conformations (1 
transition), we have only to take account of additional 
terms in eq. (l), which remains as our starting point. 
The algebra becomes a little more complicated but the 
procedure remains the same. For three conformations, 
eq. (10) then becomes 

’ It may help to see the whole picture in a unified way to note 
that the van-t Hoff equation can be obtained at once from eq. 
(2) as ahiJaTf(l/RTjd= (I/RT2)~, just as can 
a M/ap = --aVJRT 01 a M/aP, = AX/RT. From this it will 
be seen that the analowes of eq. (lo), given below, when p 
and p,areconsidered as the independent variables, x2 respec- 
tively V= V1 -L(~+L~2(A?+?T)2 *L(l +-Ly.‘AVandX= 
X1 +L(1 +L~2(AX/R~2 +L(l +-Ly’fi, the dot now 
denoting either alap pr a f afix,. 

*12 _ L 4Cp,, ‘L,34C7313 

1 +L1’ ‘L,, 1 (13 

where Lij is the equilibrium constant for the transition 
from the conformation i to the conformation j_ For four, 

X [RT2(l ‘LIZ ‘L,, +L,,)‘]-l 

- - 
+L124Cp12 +L,34Cp13 

1 +L12 +L13 ‘L14 - (14) 

And it is easy to generalize the expression to take case 
of any number of conformations. In all cases eq. (11) 
and (12), which give the various values of the m’s and 
L’s, are the same. We emphasize that in the treatment 
just given we are ‘&inking of the system as an allosteric 
one, consisting of a single phase where the various tran- 
sitions of the macromolecule involve no change of mo- 
lecular weight. This analysis leads to essentially the same 
predictions as a previous one given by Friere and Bil- 
tonen involving a somewhat different approach using 
classical partition functions [7,8,9] _ 

4. Type cases 

As the temperature of the allosteric system is in- 
creased the macromolecule will pass through a series of 
conformational transitions just as it does when the chem- 
ical potential I.C, of a chemical Iigand X is increased. 
Each of these transitions will be associated with an ex- 
cess heat capacity (i.e. rp - cp 1), and it is intuitively 
more or less obvious that a significant peak in the heat 
capacity versus temperature curve will occur only at 
points where the system is poised between two or more 
predominant conformations of roughly equal frequency_ 
It is to be expected that the sharpness and height of a 
peak will increase with the dimensionless ratio &/RT_ 
This is born out by the equations and is illustrated by 
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Fig. I_ Therms tra@tions in a 2 state allostgc system calculated by eqs. (lo), (11) and (12) using parameters given in table 1. Cen- 
ter row gives CP - $1 versus T; top row, AiT versus T bottom row, log L versus T. (Note 200 fold difference of scale of ordinates 
between dashed and Full curves.) 

the various type cases shown in the following figures 
calculated from them. Another dimensionless ratio, 
namely AcrJm/T= A~.J,/asalso plays a role in deter- 
mining the number of observable peaks. 

The simplest case (two conformations, one transi- 
tion, AC = 0) is shown in fig_ ia. Here there is but one 
peak an B the figure brings out the enormous sensitivity 

of both the height and sharpness of this peak to the 

ratio ~o/RTo. This results not only from the fact that 
(m/RT) enters eq. (IO) raised to the second power, but 
also from the strong dependence of I. on temperature. 
As m/.T+= 1 the peak becomes rapidly smaller and 
smaller and flatter and flatter, and it is interesting to 
see how the position of the maximum moves progres- 
sively away from the point where L = 1_ 

Fig. lb shows the next simplest case (two conforma- 
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Fig. 2. Thermal transitiFs in a 4 state allosteric system calculated by eqs. (ll), (12) and (14) using the parameters tiven in table l_ 
Upper row show CP - Cpl versus T; lower row, log L li versus T. 

tions there are now two transtiions. The reason for this 
is apparent from the lower row of the figure (log L 
versus T). There are now two values of T for which L = 
1 _ This results from the way in which m changes with 
temperature. (Note that it is arbitrary what temperature 
we choose at T,,). The figure furtter shows how, as 
Am decreases in relation to mu (more precisely, as 
the non dimensional ratio Acp/m,-JT decreases), the 
two peaks move farther and farther apart. Under realis- 
tic physical conditions the span of experimentally ac- 
cessible temperatures is not often likely to be large 
enough to include more than one peak (1). 

In fig. 2 we pass directly to the case where there are 
four conformations_ In 2a and 2b all values of kcP are 
assumed to be small enough to be neglected; in 2c, on 
the other hand, appreciable values of AcP are introduced. 
These figures, especially 2a and 2b, where complications 
arising from AcP are eliminated, give an idea of what 
may be expected in the general case. A key to an rmder- 
standing of the situation is again to be found in the 

lower row of figures, where values of the three indepen- 
dent L’s are shown Iogarithmicahy (in accordance with 
eq. (12)) as a function of temperature. As would be ex- 
pected, a significant peak is only observed where two 
or more of these curves (to which the abscissa axis is to 
be added) intersect at a point or at least within a very 
small span of temperature where L 2 1 and then only 
provided no other curve lies above them. This means 
that the corresponding forms are the only significant 
ones present, and that they occur in approximately 
equal amounts, the whole system being poised at this 
point_ It is easy to see that there will only be a sequence 
of peaks if there is a strong positive correlation between 
the values of the various L’s and the magnitude of the 
corresponding heats. In the absence of any such corre- 
lation, which there is no a priori reason to expect, we 
may anticipate only one, or at most a very small number, 
of observable transition peaks. In the case of the pro- 
teins this anticipation is born out by the elegant mea- 
surements of Privalov, which show only a single peak [l] _ 
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Table 1 
Parameters used for construction of figs. 1 and 2 on the basis of eqs. (lo), (II), (12) (fig. 1) and eqs. (ll), (12) (14) (fig. 2) 

- 
Transitions To LO 

AC 

&U (c$K mole) 
m0 
(Cal/mole) 

ACp/mo 

To 

In marked contrast to the proteins, the nucleic acids 
characteristically show a sequence of several peaks [2]. 
A tempting explanation of this would be to suppose 
that in these molecules different segments undergo con- 
formational changes independently of one another, so 
that they may be treated, to a first approximation, as 
independent molecules_ This indeed is the assumption 
employed by Privalov in the analysis of all his data [ lOI_ 
There is an interesting analo,T here between the di- 
electric dispersion observed in the proteins, which orient 
as rigid bodies, and various organic polymers, which 
show no such long relaxation times and where the po- 
larizability is the sum of the polarizabilities of the 
various polar segments_ Moreover it known from 
fluorescence depolarizaiion experiments that local 
groups present in macromolecules commonly relax in- 
dependently of one another. Also it is worth noting 
that when the energy involved is of the order of RT 
there will be no observable peak corresponding to a 

thermal transition. However, in view of the highly folded 
structures represented by the nucleic acids, it would 
still seem more proper to analyze the transition data in 
terms of the allosteric model discussed above. 

5. Cooperativity in thermal transitions 

We have seen that a curve of entropy, or enthalpy, 
as a function of temperature is fo_mally the same as a 
binding curve for a chemical ligand, 5 or R correspond- 
ing to z, and T to pX _ In the case of chemical binding, 
cooperativity, positive or negative, is represented by the 
difference between the slope of the actual binding curve 
and that of a reference curve, which is taken as the curve 
for a macromolecule which exists in only one conforrna- 
tion and in which the sites are all identical and indepen- 
dent. At any point of the curve, i.e. at any value of ,u,., 
where this difference is positive the cooperativity is po- 
sitive; at any point where it is negative, the cooperativi- 
ty is negative. In the intermediate case, where the curves 
are tangent, it is neutral. In just the same way, in the 
case of enthalpy cooperativity is represented by the dif- 
ference between the slope of the actual z versus T curve 
and that of a reference curve. In this case the reference 
curve is that for a hypothetical macromolecule which 
exists in a single conformation and for which cp is con- 
stant_ In both cases, the geometrical concept of the tact 
invariant is useful [l 1 ] . 
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In the study of chemical binding it is the binding 
curve itself, r versus p,, which is directly observed. In 
contrast, in the case of enthalpy binding, it is not the 
binding curve, but instead its fust derivative, namely 
the curve of z;p versus T which is directly observed. 
This curve, however, provides an equally good, if not 
even better, criterion of cooperativity. It will be seen 
that any point where cp is a maximum will be a point 
of inflection in the integral curve. At this point the 
cooperativity is locally neutral; to the left, where d??__/ 
dT is positive, it is positive; to the right, where dcp/dT 

is negative, it is negative. In the long stretch between 
peaks, where rp remains constant, cooperativity is 
again neutral and remains so. Thus it is really the third 
derivative of the binding potential with respect to tem- 
perature which is the true measure of cooperativity; 
and the same principle holds for pressure volume 
changes or for chemical binding when we substitute p 
or p for T respectively_ There is indeed complete cor- 
respondence of the three cases at a formal level. It 
should be realized, however, that from an experimental 
point of view there are significant differences_ For ex- 
ample, in the case of chemical binding the value ofp 
can be varied between zero and what amounts, essen- 
tially, to infinity. In the case of enthalpy (or cp), the 
range of experimentally available temperatures is limi- 
ted, and there is no such thing as saturation of the ma- 
cromolecule with heat as there is with ligand. The same 

Introducing the binding potential R, for which dll = 
gdT - vdp + xdp, we obtain at constant pressure 

(J/T,) (aWapx), = (ax/aT)Ux - (15) 

Here (%!/ap,), refers to the enthalpy change as mea- 
sured under conditions where the chemical potential 
(activity) of the ligand X is varied. From an op- 
erational point of view this may be a difficult condition 
to satisfy. In case it is preferred to have a relation in 
terms of @p/a&-, where the ~nro~?zt of the ligand is 
varied, we make use of another member of the group 
of linkage potentials namely I$ = $(r, T, p), for which 
d$ = -p,c@ + SdT - vdp. On the same basis as before 
this gives at constant pressure 

(I/T)(d~WOJ. = -(aflx/aT)z. (lo) 

Either of these relations shows how the enthalpy, as 
measured calorimetrically, is affected by the ligand pre- 
sent_ The right hand side can be dzttained from the 
change in shape of the binding curve with temperature. 
This will in general represent the effect of temperature 
upon the various equilibrium constants of the allosteric 
linkage potentials. It is these linkage potentials which 
provide throughout the key to an understanding of the 
system in all its aspects. 

f 
is true of volume and pressure * . 
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